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Abstract
It is shown that the correspondence principle and the holographic principle are incompatible in the
background of an eternal Schwarzschild–anti-de Sitter geometry. The argument is based on the
observation that algebraic structures of local quantum field and CFT operators are not equivalent.
This implies, in particular, the bulk CFT must be singular near the black-hole horizon. A CFT
Hilbert space representation is elaborated which may correspond to the AdS black hole in the dual
theory.
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I. INTRODUCTION
The holographic principle states that the physical quantum gravity degrees of freedom
are located on a co-dimension one hypersurface of a given spacetime [1, 2]. The AdS/CFT
correspondence [3–5] is regarded in particular as a concrete realization of this principle.
Specifically, the quantum gravity degrees of freedom are identified with rays in the confor-
mal field theory (CFT) Hilbert space defined on the boundary ∂M of anti-de Sitter space
(AdS). AdS spacetime is denoted asM1 below. The duality is further generalised to all ge-
ometries being asymptotically AdS space, among of which is the Schwarzschild–AdS black
hole denoted as M2 in the following.
Having a boundary CFT field operator algebra, O∂M, one can construct its bulk analog
OM [6–8]. The bulk CFT algebra OM2 is thus treated as a set of all possible observables
(if self-adjoint and gauge invariant) in the Schwarzschild–AdS geometry. One may expect
that quantum gravity should reduce to sufficiently well-established local quantum field the-
ory (LQFT) defined on a fixed geometrical background. This is a semi-classical limit of
quantum gravity, where gravity is governed by a classical theory, i.e. general relativity, and
matter fields and perturbations of the metric are quantised. This reduction of quantum
gravity to quantum field theory in curved (classical) spacetimes is a particular type of the
correspondence principle.1
Local quantum field theory in globally hyperbolic spacetime is described by an algebra
AM represented in a certain Hilbert space [12–14]. According to the correspondence princi-
ple, one should expect there exists a certain CFT algebra OM which is isomorphic to AM
in the semi-classical limit. Specifically, this implies
[OˆM(x), OˆM(x
′)] = [AˆM(x), AˆM(x
′)] (1)
for any OˆM(x) ∈ OM and AˆM(x) ∈ AM, where x, x′ ∈ M∪∂M. Moreover, a unitary
equivalence of theories should be then expected as well. In other words, the CFT Hilbert
space representation of OM must be unitarily equivalent to that of AM. The isomorphism
between these theories is well-established in anti-de Sitter space [15–17].
A physical Hilbert space representation of field operators corresponds to a choice of a
physical vacuum. In the AdS black-hole geometry, the Hartle-Hawking state, |Ω2〉, is sup-
posed to be a physical one as being non-singular on the black-hole horizons. The regularity of
|Ω2〉 allows thus to have a self-consistent treatment of quantum gravity in the semi-classical
regime. A CFT state, |∂Ω2〉, is an “analog” of the Hartle-Hawking state, but for OM2 . It is
expected to be a pure high-energy state which is thermal at the semi-classical approxima-
1 Rigorously speaking, it is not a correspondence between quantum and classical theories, but this is a
correspondence between a strongly fluctuating regime of quantum gravity and its weak-field/low-energy
limit, when one is allowed to treat geometry as approximately classical, i.e. spacetime is classical up to
its perturbations which are still quantised [9–11].
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tion [7]. Roughly speaking, if the boundary CFT theory is in |∂Ω2〉, then the bulk geometry
should correspond to M2 according to AdS/CFT.
A question is posed in this paper whether the correspondence principle and holography
are compatible with each other in the eternal Schwarzschild–AdS geometry. We will show
below that there is no algebraic isomorphism between the operator algebras AM2 and OM2 ,
i.e. AM2 6∼= OM2 . We will also elaborate on properties of the Hilbert space constructed on
the state |∂Ω2〉.
The outline of this paper is as follows. In Sec. II, two theories based on AM2 and OM2
are separately considered. In Sec. IIA, we will briefly review local quantum field theory in
the Schwarzschild–AdS geometry. In Sec. II B, we will revisit a description of the AdS black
hole by two CFT operator algebras represented on a factorised product of two CFT Hilbert
spaces. The main point will be that although |∂Ω2〉 can be represented as the thermal-field
double state, this does not imply |∂Ω2〉 belongs to a factorised product of the Hilbert spaces
in quantum field theory. In Sec. IIC, we will argue that the description should be given by
a single CFT algebra represented on the state |∂Ω2〉.
In Sec. III, these theories are treated together. In Sec. IIIA, it is pointed out that the
Tomita-Takesaki theorem broadly employed to describe a Schwarzschild-AdS black-hole in-
terior by CFT implies an extra geometrical construction on the black-hole boundary. In
Sec. III B, it is shown that the operator algebras AM2 and OM2 are not algebraically iso-
morphic. This leads to an inconsistency when one simultaneously requires both the corre-
spondence principle and the holographic principle in the semi-classical regime.
In Sec. IV, we will summarise our results and conclude.
Throughout this paper the fundamental constants are set to unity, c = G = kB = ~ = 1.
II. ALGEBRAS AM2 AND OM2 AND THEIR REPRESENTATIONS
According to (extrapolate) AdS/CFT, quantum field theory in the Schwarzschild–AdS
geometry can be constructed either through a quantisation of a classical field defined inside
it or through pulling the CFT operators from its boundary. In other words, one has at a
disposal at least two operator algebras, i.e AM2 and OM2 , respectively. One may expect
these two theories are equivalent at the semi-classical approximation. In this section, we
will separately discuss these two theories outside of the AdS black hole.
A. Single ∗-algebra and its representations
A quantum field Φˆ(x), where x ∈ M, is an operator-valued distribution. To have well-
defined operators built out of it on a certain Hilbert space, it has to be averaged or smeared
out over a set of test functions {f(x)}, i.e. functions being smooth and of a compact support.
The field operator algebra AM is a set composed of an identity operator 1ˆ and operators
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generated by Φˆ(f) with its non-linear combinations. It has a structure of a unital ∗-algebra,
where the ∗-operation is an involution mapping an element of AM into another its element.2
Quantum states are defined as linear, positive and normalized functionals on AM. A basic
reference is [18] and recent reviews [12–14] devoted to local quantum field theory in curved
spacetimes.
To fix definitions and notations used below, we will briefly review certain aspects of a
(linear) quantum scalar field in the background of the eternal Schwarzschild–AdS geometry.
The eternal Schwarzschild–AdS black hole is obtained through the Kruskal extension of
the Schwarzschild black hole in AdS space. We will denote this geometry as K. A part of
it corresponds to M′2∪M2, where M′2 is a causal complement of M2. In other words, it is
the “left” outside region of the black hole, whereas M2 is the “right” outside region of the
hole (see fig. 1). One may then choose a subset of the test functions with vanishing support
in either M2 or M′2. This leads to a splitting of the operator algebra AK into a product of
two factor subalgebras, i.e. AM′
2
⊗AM2. This procedure is analogous to that in the eternal
Schwarzschild–Minkowski geometry [19–21] and [22].
A physical Hilbert space representation, H, of the algebra AK is constructed on the
Hartle-Hawking state |Ω2〉. This representation is in particular characterised by splitting
the field operator Φˆ(x) into a sum of two operators, i.e.
Φˆ(x) = aˆ(x) + aˆ†(x) , (2)
where aˆ(h) and aˆ†(h) are interpreted as the Hartle-Hawking particle annihilation and cre-
ation operators corresponding to a wave packet h(x) being a solution of a scalar field equa-
tion, where
aˆ(h) ≡ i
∫
Σ
dΣµ
√
−g(x) gµν(x)(h∗(x)∇νΦˆ(x)− Φˆ(x)∇νh∗(x)) , (3)
where Σ is a Cauchy surface, and star denotes a complex conjugation. The wave packet h(x)
when restricted to the black-hole horizons is positive frequency with respect to ∂U and ∂V ,
where U and V are the Kruskal coordinates in which the horizons are at U = 0 and V = 0.
On the other hand, one may choose another wave packet h(x) to be positive frequency
one with respect to ∂u and ∂v, where u and v are the retarded and advanced Schwarzschild
coordinates. One can thus also write
Φˆ(x) = bˆL(x) + bˆR(x) + H.c. , (4)
where the operator bˆR(x) and its Hermitian conjugate have zero support in M′2, while
bˆL(x) and its Hermitian conjugate in M2. In other words, one rewrites AK as a product
of two commuting sets of field operators AM′
2
and AM2 generated by “left” and “right”
2 If one specifies a particular Hilbert space representation of the algebra, the involution is then identified
with the Hermitian conjugation.
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FIG. 1: A sketch of the Kruskal extension of the Schwarzschild-AdS black hole.
operators, respectively. One may further define two states |ΩL〉 and |ΩR〉 generating HL
and HR and being vacua for bˆL(x) and bˆR(x), respectively. These states are the “left” and
“right” Boulware vacua. Thus, we introduce a Hilbert space representation of the algebra
on a factorized product, i.e. HL⊗HR.
The Hilbert spaces H and HL⊗HR cannot be unitarily equivalent in LQFT:
H 6∼= HL⊗HR or H ⊥ HL⊗HR . (5)
This can be explained in terms of the type III property of factor subalgebras AM′
2
and AM2
of AK (see, for instance, [23]). It essentially means that the representation H of AK does not
factorize into the product HL⊗HR under the factorization of AK into the factor subalgebras
AM′
2
and AM2. This property has been recently emphasized in [11] in applications to the
entanglement in LQFT.
The type III property of those factor subalgebras can be demonstrated as follows. Slightly
generalising [19] to the asymptotically AdS case, one may rewrite the Hartle-Hawking state
as a thermal-field double state [24], i.e.
|Ω2〉 = 1
Z
1
2
∏
ωlm
+∞∑
n=0
e−βEω,n/2 |nL〉⊗|nR〉 , where Eω,n ≡ ω n (6)
and Z is a normalization factor, such that 〈Ω2|Ω2〉 = 1. The frequency ω > 0 is defined with
respect to the Killing vector K2, and l, m are the orbital and magnetic numbers referring
to a particular representation of the rotational symmetry of the black hole. The inverse
temperature β is given by 1/THP, where THP is the Hawking-Page (HP) temperature [25].
The states entering the right-hand side of (6) are defined as
|nL〉 ≡ 1√
n!
(
bˆ†L,ωlm
)n|ΩL〉 , (7)
and the same for |nR〉 with L→ R in the above formula. It is worth noting that nL,R depend
on ω, l and m. The state on the left-hand side of (6) is the only non-singular state on the
black-hole horizons. The normalisation factor Z is infinite (see, for instance, [26]). Thus,
|Ω2〉 6∈ HL⊗HR. Hence, the equation (6) is merely formal. This confirms (5).
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To summarize, any operator in K can be constructed by employing elements of the al-
gebra AK ≡ AM′
2
⊗AM2. There are two “natural” representations of AK, namely H and
HL⊗HR. The former is built on the Hartle-Hawking vacuum |Ω2〉, whereas the latter on
the Boulware vacua, i.e. |ΩL〉⊗|ΩR〉. These are unitarily inequivalent (there is no unitary
operator mapping these into each other), i.e. H 6∼= HL⊗HR.
B. Two copies of CFT and their representations
Following the proposal of [8, 27], physics in the eternal Schwarzschild–AdS geometry is
described by two non-interacting (independent) CFT algebras represented on a factorised
product of two CFT Hilbert spaces on each AdS boundary. Thus, the physical degrees of
freedom are supported on two causally separated boundaries. These degrees of freedom
are represented by rays in CFT Hilbert spaces. These will be denoted as ∂HL and ∂HR.
Two CFT states corresponding to these Hilbert spaces will be denoted as |∂ΩL〉 and |∂ΩR〉,
respectively. At the semi-classical approximation, one actually deals with a thermal gas
of excitations belonging to the Hilbert space ∂HL⊗∂HR at the Hawking-Page temperature
(see, for instance, [28]).
One may expect that the bulk CFT algebra represented in ∂HL⊗∂HR reduces to local
quantum field theory in the largeN limit, where N refers to a degree of the gauge group char-
acterising conformal field theory on the AdS boundary. This is a sort of the Bohr principle
stating that a more fundamental theory (quantum gravity) contains a less fundamental one
(semi-classical quantum field theory) in a certain limit (N →∞). According to AdS/CFT
extended to the eternal AdS black hole, one has HL,R ∼= ∂HL,R. Since H 6∼= HL⊗HR, the
bulk CFT algebra OM2 represented on ∂HR is not unitarily equivalent to the local algebra
AM2 representation on the Hartle-Hawking state.
An entangled state considered in [8, 27] and leading to the Hilbert space ∂H is presumably
identified with the Hartle-Hawking vacuum, such that H ∼= ∂H. At least, it seems to be
a motivation for selecting this state. In other words, one implicitly assumes by that the
representations of the field operators AM2 and OM2 are unitarily equivalent in the semi-
classical limit.3
To summarize, the representation of OK ≡ OM′
2
⊗OM2 in K must be ∂H which cannot be
understood as a tensor product ∂HL⊗∂HR of two (ordinary) CFT Hilbert spaces. In other
words, these are unitarily inequivalent. The eternal-black-hole nucleation is a non-unitary
process ∂HL⊗∂HR → ∂H. Usually, this kind of dynamics corresponds to phase transitions.
This fits well to the idea of having the Hawking-Page phase transition.
3 Note that the algebraic isomorphism between operator algebras AM2 and OM2 is here assumed. This
issue will be investigated in detail below.
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C. Single CFT and its representations
Recently there was pronounced a proposal to describe the eternal Schwarzschild–AdS
geometry by a single CFT [29]. Its possible realisation for different types of AdS black holes
is demonstrated below in this section. We will show that a description by a single CFT
is always implicitly present, although one introduces two copies of CFT. This observation
follows from a state chosen for the CFT operators [8, 27].
BTZ black hole. To gain insight of how that can be done, let us consider the topolog-
ical black hole in three-dimensional AdS space, i.e. the Ban˜ados-Teitelboim-Zanelli (BTZ)
black hole [30] (see [31] for a review).4
The BTZ black hole is actually described by a single CFT algebra defined on the boundary
of AdS3. To see this one needs first to imagine that the CFT algebra in AdS3 space is split
in two factor subalgebras with supports on the “left” and “right” AdS-Rindler patches of
the AdS3 boundary, respectively. A CFT state to be non-singular on the Rindler horizons
is the ordinary CFT vacuum (see fig. 2). One then takes the spatial Rindler coordinate
be periodic. By doing this, one constructs the BTZ black hole. Thus, the physical Hilbert
space representation of the single CFT algebra is constructed on the ordinary CFT vacuum
(up to a quotient [32])5 and generating the Hilbert space representation ∂H.
Hence, two CFT algebras defined on each boundary of the BTZ black hole are factors of
the single CFT algebra defined on the AdS3 boundary (up to the quotient). It is analogous
to the splitting of AK into AM′
2
⊗AM2 discussed in Sec. IIA.
A problem of no holographic description of the BTZ black hole pointed out in [34] ap-
pears only if one chooses an improper CFT algebra representation, i.e. ∂HL⊗∂HR, This
representation of the field operators implies the absence of non-local vacuum correlations
between casually unrelated regions (e.g., no Reeh-Schlieder property). As discussed above,
the quantum gravity degrees of freedom must be associated with rays in ∂H, rather than in
that factorised product.
Schwarzschild–AdS black hole. The AdS black-hole nucleation is a quantum gravity
process of the Hawking-Page phase transition from AdS space filled with a thermal gas to
the eternal AdS black-hole geometry [25]. Let us imagine a flat space composed of two
boundaries of the AdS black hole, i.e. ∂K ≡ ∂M′2∪∂M2, each of which is three-dimensional
compactified Minkowski spacetime. The Schwarzschild time translation operator K2 = ∂tS
4 There is apparently a misuse of terminology in the literature in referring to the BTZ black hole as the
eternal Schwarzschild–AdS one. To avoid any possible confusions, these two types of the black holes are
distinguished throughout the paper.
5 A certain quotient of AdS hyperboloid corresponding to an evolving universe was also discussed in [32].
A quantum field theory in this background has been studied in [33].
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FIG. 2: “Left” and “right” AdS-Rindler (RAdS) patch in AdS3 and their boundary ∂AdS3.
The CFT algebra O∂AdS can be represented as a product of two factor subalgebras, i.e.
ORindler-L⊗ORindler-R. The CFT or Minkowski vacuum probed by either ORindler-L or ORindler-R
responses as a thermal state, i.e. the vacuum two-point function for each of the factor subalge-
bras satisfies the Kubo-Martin-Schwinger condition with respect to the boost generators of the
conformal group.
can be employed to set frequency modes in ∂M′2∪∂M2. However, there are two possible
unitarily inequivalent choices of the Hilbert space representation: either one considers a
representation ∂H built on |∂Ω2〉 or a representation ∂HL⊗∂HR defined with respect to
|∂ΩL〉⊗|∂ΩR〉.
Each of ∂M′2 and ∂M2 should be the whole three-dimensional Minkowski manifold. This
can be shown at least in two ways. First, the boundary of AdS space, ∂M1 (≡ ∂M), is
compactified Minkowski space. The boundary of the Schwarzschild–AdS black hole, ∂M2,
must fit ∂M to have the Hawking-Page transition. Second, the conformal Killing algebra of
AdS4 space is given by so(2, 4). Its generators are Lµν , Lµ4 and Lµ5, where µ, ν ∈ {0, 1, 2, 3}.
Among of these vectors, Lµ5 = {L05 , Li5} and Lµν = {Lij , L0i} are generators of the AdS
isometry algebra, where i, j run from 1 to 3. The Schwarzschild–AdS geometry has the four-
dimensional Killing algebra, such that its Killing vector K2 commutes with the generators of
the rotations. The vectors L05 and Lij are the only commuting generators of so(2, 3). Thus,
the Schwarzschild time translation generator K2 must be identified with the Killing vector
L05 of the AdS hyperboloid.
6 That is K2 = K1, where K1 is the global AdS time translation
operator. This was pointed out in [7]. Hence, ∂M2 is Minkowski space, i.e. ∂M, in the
so-called closed coordinates. In these coordinates a spatial topology of Minkowski spacetime
is S2.
If one deals with the pure AdS geometry, then the Hilbert space representation of both
theories, i.e. AM1 and OM1 , are algebraically and unitarily isomorphic at the semi-classical
approximation [17] (see [35] for its classical counterpart). If one further accepts an idea of
6 The vectorK2 is sometimes called as a boost generator. It is misleading according to the above discussion.
However, the boost generator sets indeed dynamics outside of the BTZ black hole.
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FIG. 3: A sketch of the Hawking-Page phase transition. Before the transition M1 is filled by
thermal gas of particles being states in the CFT Hilbert space ∂HR. If the gas temperature T
exceeds the critical temperature Tc, then the nucleation of the black hole occurs. This is described
at quantum level by OM′
1
⊗OM1 → OM′2⊗OM2 and ∂HL⊗∂HR → ∂H. The Hilbert space ∂H is
defined with respect to the vacuum |∂Ω2〉 which cannot be understood in quantum field theory
as an entangled state in ∂HL⊗∂HR. However, it is an (maximally) entangled state in the sense
it is not a product state for non-trivial field operators being products of elements from OM′
2
and
OM2 . In other words, the state |∂Ω2〉 carries non-local (vacuum) correlations. This is in a complete
analogy with the property of the CFT vacuum which carries non-local correlations between the
“left” and “right” Rindler patch.
the eternal black-hole nucleation as pasting together two AdS spaces [36], say,M′1 andM1,
then one should associate ∂HL with the theory on ∂M′, and ∂HR with the theory on ∂M.
It is worth emphasising that ∂HL,R are two CFT Hilbert spaces constructed on the ordinary
CFT vacuum. In other words, the states |∂ΩL〉 and |∂ΩR〉 are two ordinary CFT vacua in
this subsection. The thermal gas in each AdS space, i.e. M′1 or M1, can then be obtained
by considering a Kubo-Martin-Schwinger (KMS) or thermal state defined with respect to
L05 (= K1 = K2) in each space.
7 Thus, the thermal gas is composed of excitations identified
with particle states in ∂HL⊗∂HR (see fig. 3).
However, if the black hole has appeared through the Hawking-Page transition, then the
Hilbert space of the total system should be ∂H which, as argued above, is not a factorized
product of ∂HL and ∂HR. The state |∂Ω2〉 on ∂M is a pure state. It responses as a thermal
state for the CFT operators having zero support on ∂M′.8 The same occurs for the CFT
operators on ∂M′ which have zero support on ∂M.
7 The KMS state |Ωβ〉 is a state which satisfies the KMS condition: 〈Ωβ |αtK(Aˆ)Bˆ|Ωβ〉 = 〈Ωβ |Bˆαt+iβK (Aˆ)|Ωβ〉,
where both sides are analytic in the strip 0 < Im(t) < β, continuous on its boundary, and αtK(Aˆ) ≡
exp(+iKˆt)Aˆ exp(−iKˆt), Kˆ is a Hermitian operator corresponding to the Killing vector K. More details
can be found, for instance, in [18].
8 This can be also phrased as follows: |∂Ω2〉 restricted to ∂M (or ∂M′) is a KMS state with respect to the
Killing vector L05.
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Thus, the Hawking-Page phase transition should be understood as the evolution of the
CFT operator algebra representation from ∂HL⊗∂HR to ∂H. Note that for local quantum
field theory characterized by AM, one thus has its representation HL⊗HR inM =M′1∪M1
and H inM =M′2∪M2, respectively, where HL,R are here two AdS Hilbert spaces built on
the ordinary AdS vacuum, and H is the Hilbert space defined in Sec. IIA.
To make the above statements more clear, one should restrict the consideration, for
instance, to ∂M. The physical degrees of freedom could be represented by rays either
in ∂HR or ∂H in this boundary. The Hilbert space ∂HR is the Gelfand-Naimark-Segal
representation built on |∂ΩR〉, while ∂H on |∂Ω2〉. The thermal gas in ∂M corresponds to
a “thermalized” version of |∂ΩR〉 and described by a thermal density matrix ρˆR. However,
the pure state |∂Ω2〉 responses as a thermal state merely when probed by operators O∂K
restricted to ∂M (or having zero support in ∂M′), i.e. O∂M (or O∂M′). Only in the latter
case one has the Tomita–Takesaki construction (e.g., see [18]) which is broadly exploited to
describe physics inside of the AdS black hole by the CFT operators (see below).
Moreover, one should consider each of ∂M′ and ∂M as two Lorentzian patches of com-
plexified Minkowski spacetime. This can be understood in the case of the spatially flat
Minkowski coordinates as follows. The transition from the “right” Minkowski space to the
“left” Minkowski space is achieved through t→ −t−iβ/2, where t is the Minkowski time co-
ordinate for which its spatial topology is R2. Indeed, the line element ds2 = dt2−dr2−r2dθ2
can be written as e−2κr(dT 2 − dR2)− r2dθ2, where T = eκr sinh κt and R = eκr cosh κt > 0.
One can thus analytically extend Minkowski space by allowing R < 0. It is achieved through
t→ −t− iβ/2 = −t− ipi/κ. More concretely, the Minkowski time coordinate has an imag-
inary part lying in a circle S with a circumference β. One may further imagine Euclidean
Minkowski space, i.e. t = iτ , where the Euclidean time τ ∈ S. One then considers an
Euclidean wave functional of a non-interacting CFT model, i.e.
Ψ[O(y)] =
∫
DO exp
(
−
∫ τL
τR
dτ
∫
dy
((
∂O)2 + (1/8)RO2)
)
, (8)
where yµ = (τ,y) ∈ ∂M, and τL = τR + β/2. The wave functional can then be rewritten as
Ψ[O(y)] = 1
Z
1
2
∏
k
+∞∑
n=0
e−βEω,n/2Ψω,n[OL(y)]×Ψω,n[OR(y)] . (9)
where ω = |k|, k = (kx, ky, kz), OL,R(y) = O(y)|τL,R and Ψω,n[OL,R(y)] = 〈OL,R(y)|∂nL,R〉.
The “left” and “right” quantities refer to “left” (R < 0) and “right” (R > 0) Minkowski
spaces, respectively. The connection between the path integral in non-trivial Euclidean
backgrounds with the thermal-field dynamics was pointed out in [37].
Analogous formula probably exists if one introduces the so-called closed coordinates in
which a spatial topology of Minkowski space is S2 (after conformally mapping it to the
closed Einstein static universe). The momentum k is then substituted by ωn˜ = 2n˜+ l+∆, l
and m, where n˜ ∈ N0 and ∆ is a conformal weight of Oˆ(y). However, the mapping between
spaces is given by tS → −tS − iβ/2 in this case. It is worth noting that t 6= tS.
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To sum it up, the algebras O∂M′ and O∂M should be treated as subalgebras of a larger
one, i.e. O∂K = O∂M′⊗O∂M. In other words, these two CFT algebras should be understood
as its factor subalgebras. The algebras O∂M′ and O∂M represented on the product Hilbert
space ∂HL⊗∂HR built on |∂ΩL〉⊗|∂ΩR〉 can be considered as two independent copies of
CFT, while the representation ∂H constructed on the pure state |∂Ω2〉 can be only treated
as associated with the single, enlarged CFT algebra O∂K. Thus, one should describe the bulk
degrees of freedom by the single CFT algebra O∂K represented on ∂H. The important point
is that ∂H is unitarily inequivalent to ∂HL⊗∂HR or, in other words, |∂Ω2〉 /∈ ∂HL⊗∂HR.
III. ALGEBRAIC INEQUIVALENCE OF AM2 AND OM2
A. Inside of AdS black hole
A construction of the bulk CFT operators is achieved in practice through the so-called
smearing function KM(x, y) which is a kernel of an integral transform, i.e.
OˆM(x) =
∫
d3y
√
−g(y)KM(x, y)Oˆ(y) , (10)
where x ∈ M and y ∈ ∂M. The smearing function was explicitly constructed in AdS
spacetime, i.e. M = M1, in [15, 16]. The algebraic and unitary equivalence of AM1 and
OM1 represented on the AdS vacuum and the ordinary CFT vacuum, respectively, can
already be seen at the level of two-point correlation functions of each theory. It may also be
expected that AK and OK represented on the Hartle-Hawking vacuum |Ω2〉 and the state
|∂Ω2〉, respectively, describe equivalent theories.
The Tomita-Takesaki theorem is extensively exploited to describe physics inside the eter-
nal Schwarzschild–AdS black hole.9 This theorem implies that the algebra AM2 acting on
the Hartle-Hawking state should generate a space which is dense inH. In other words, an ob-
server inhabiting a region outside of the black hole should be able to probe the whole Hilbert
space H with an arbitrary precision. This can be understood as a Reeh-Schlieder property
of von Neumann algebra AM2. Although this property seems not to be rigorously proven in
the AdS-Schwarzschild space yet, it is analogous to that in the eternal Schwarzschild geome-
try [21].10 This turns out to be possible, partially because AM2 and AM′2 considered as von
Neumann algebras can be mapped into each other by an anti-unitary (modular conjugation)
9 The theorem states in particular that von Neumann algebra R (e.g. AM2) represented in a cyclic and
separating state |Ω〉 (e.g. |Ω2〉) can be mapped to its commutant R′ (e.g. AM′
2
) by an anti-unitary
operator J . For a full formulation of the theorem, see [18]. A von Neumann algebra is an algebra of
bounded operators on a Hilbert space which is closed in the weak topology of matrix elements. For
example, operators of the form exp(Φˆ(f)) are its elements.
10 For establishing the Reeh-Schlieder property for certain subalgebras represented in the AdS vacuum in
anti-de Sitter space, see [38] and [39].
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FIG. 4: A sketch of the boundary of the eternal Schwarschild-AdS black hole.
operator J . This operator corresponds to the transformation tS → −tS − iβ/2 in spacetime
K discussed above, so that
JAM2J = AM′2 (11)
and vise versa. It is worth emphasising that the theorem is realised for the particular state
generating the Hilbert space H, rather than the factorised product HL⊗HR.
The same construction should be employed on the AdS boundary if one expects the
(extrapolate) AdS/CFT correspondence in AdS space with a Schwarzschild black hole. The
Tomita-Takesaki theorem is applicable if one works with the Hilbert space representation
∂H of O∂K constructed with respect to the state |∂Ω2〉. To construct CFT operators inside
of the black hole, one needs to extend the boundary by introducing extra Minkowski space
∂M˜. This Minkowski space in flat coordinates corresponds to T > 0 and T > R. It is
worth noting that ∂M′, ∂M and ∂M˜ are not separated by any horizons. However, it is not
evident whether this extra geometrical construction is acceptable. This question would be
interesting to investigate in detail.
It is worth noting that ∂M˜ is a half of the Milne patch of Minkowski space in the case
of the BTZ black hole (up to the quotient). This patch is a part of the whole boundary of
AdS3. Thus, no extra geometrical construction is needed in the BTZ black-hole case.
To summarise, it is necessary to understand the boundary structure of the Schwarzschild-
AdS black hole to implement the idea of AdS/CFT in this geometry. This could be a way
towards finding a proper mapping of the CFT operators inside the black hole.
B. No-Go theorem
The correspondence principle implies that there is at least algebraic isomorphism between
AK and OK in the large N limit. To have a unitary isomorphism between them, their
Hilbert space representations must by isomorphic (equal up to a unitary transform). Both
representations are obtained through the Gelfand-Naimark-Segal construction [18] built on
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the pure states |Ω2〉 and |∂Ω2〉. These states are KMS (thermal) ones with respect to the
same Killing vector L05 ∈ so(2, 3) and, e.g., subalgebras AM2 and OM2 , respectively.
It is worth emphasising at this point that the KMS condition depends on two ingredients.
These are a field operator algebra and a one-parameter group of its automorphism. An
empty state can also satisfy the KMS condition depending on the operator algebra and
its automorphism chosen to probe this state. For example, the Minkowski vacuum is a
KMS state with respect to an operator subalgebra with vanishing support in one of the
Rindler patches and its automorphism generated by the boost Killing vector [20, 21]. In
the case of a non-interacting, massless scalar field model, the Minkowski vacuum is also a
(conformal) KMS state with respect to an operator subalgebra with vanishing support either
in the contracting or in the expanding Milne patch and its automorphism generated by the
dilatation (see, for instance, [40]).
Non-uniqueness of a KMS state can appear through the existence of several distinct
thermodynamic phases [18]. This can be exemplified by the Hawking-Page phenomenon [25].
Indeed, the same inverse temperature β characterises two different states, namely the AdS
space with the thermal gas and the Hartle-Hawking state restricted to the region outside
of the black hole. In the path integral approach in the saddle-point approximation, both
phases are coexisting, described by a non-extremal KMS state11 and can be distinguished
by an appropriately designed observable [41].
Non-uniqueness of a KMS state can also appear through a spontaneous symmetry break-
ing [18]. For example, one may construct two KMS states with the same inverse temperature
under two states one of which is symmetric under SU(2) and another under U(1) (a phase
of the spontaneous magnetisation).
Although both states, the AdS vacuum at the Hawking-Page temperature and the Hartle-
Hawking vacuum, are invariant under the same subalgebra of so(2, 3), namely R ⊕ so(3),
these vacua are different. This originates from different topologies of M1 and M2. The
topology of the boundary is however unchanged during the Hawking-Page transition. More-
over, it is the same Minkowski space. Therefore, the KMS state defined with respect to L05
on the boundaries of both M1 and M2 is unique, i.e. the thermal two-point function does
not change for the boundary CFT theory.
A few remarks are in order. First, the effective field theory we are considering in the bulk,
i.e. AM, is non-interacting. According to the holographic idea, there should exist a certain
free or Gaussian CFT theory on the boundary which may or may not correspond to AM.
In the case of AdS space, we specified this CFT and denoted it as O∂M. Second, the CFT
algebra O∂M is also known as being CFT at infinite N [42]. One can treat a generalised
free field operator Oˆ∂M ∈ O∂M as composed of some complicated operators of a strongly
coupled CFT which is dual to a full UV complete theory in AdS (e.g., see [43]). Thus,
11 An extremal KMS state is a state that cannot be decomposed into a mixture of other KMS states.
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the uniqueness of the KMS state is related to the operator algebra O∂M, i.e. the effective
non-interacting CFT.
The thermal two-point function can be obtained from the causal propagator [44, 45]:
〈Ωβ|ΦˆM(x)ΦˆM(x′)|Ωβ〉 = i
2pi
∫
R
dk
1− e−βk
∫
R
dδx0 eik δx
0
∆M
(
x0 + δx0,x|x′) , (12)
where β is the inverse temperature, and |Ωβ〉 is a KMS state defined with respect to a
Killing vector generating a translation along x0. The causal propagator, i.e. ∆M1(x, x
′), is
given by a difference between the retarded and advanced Green function of a field equation
satisfied by ΦM(x). This propagator depends on a background geometry (stressed out by
the lower indexM) as well as boundary conditions. In quantum field theory it provides the
commutator of the field operator at two spacetime points, i.e.
i∆M1(x, x
′) = [ΦˆM1(x), ΦˆM1(x
′)] (13)
(assuming Φˆ(x) is non-interacting, i.e. N is infinite). It is worth noting that ∆M1(x, x
′) is
state-independent. After a certain rescaling of the field operator, ∆M1(x, x
′) reduces to a
CFT causal propagator in AdS space on its boundary, namely
∆∂M(y, y
′) = lim
r→∞
r2∆∆M1(y, r; y
′, r) , (14)
where ∆ is a conformal weight of Oˆ(y) (y ∈ ∂AdS) corresponding to ΦˆM1(x) in the bulk of
AdS, and ∆∂M(y, y
′) = −i[Oˆ(y), Oˆ(y′)]. The thermal two-point function of the boundary
CFT operators depends on a Killing vector chosen to construct this state. The KMS state
defined with respect to L05 (the AdS global time translation generator) on the boundary
is thus identical to the thermal gas of AdS particles in the bulk. In the limit of vanishing
temperature, the KMS state thus defined will approach the ordinary AdS vacuum in the
bulk and the ordinary CFT vacuum on the boundary.
During the Hawking-Page transition, the causal propagator of the field ΦˆM(x) changes as
the global structure of space changes. In other words, ∆M1(x, x
′) 6= ∆M2(x, x′) as it can be
seen, for example, if one compares anti-symmetric combination of two-point correlation func-
tions in M1 and M2 for a scalar field model conformally coupled to gravity [41]. However,
the boundary is still compactified Minkowski space and the CFT algebra is still invariant
under the conformal algebra so(2, 3). In other words, ∆∂M(y, y
′) cannot be obtained from
(14) with ∆M2(x, x
′) instead of ∆M1(x, x
′) on the right-hand side. Indeed, one has
lim
r→∞
r2∆∆M1(y, r; y
′, r) ∝ 1
cos∆Θ− cos(∆tS − iε) −
1
cos∆Θ− cos(∆tS + iε) , (15)
where y = (tS, θ, φ), cos∆Θ ≡ cos θ cos θ′ + sin θ sin θ′ cos(φ− φ′) and HAdS ≡ 1, whereas
lim
r→∞
r2∆∆M2(y, r; y
′, r) ∝ 2∆Θ
sin∆Θ
( 1
∆Θ2 − (∆tS − iε)2 −
1
∆Θ2 − (∆tS + iε)2
)
(16)
in the case, e.g., of the Neumann boundary condition (see [41] for more details).
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It is usually assumed that it is enough to have a pure high-energy state on the boundary
theory to reproduce local quantum field theory in the bulk of the Schwarzschild–AdS black
hole. As it should be evident from the above discussion, one has at least to supplement that
condition by a requirement (14) is also satisfied forM2. Since this supplementary condition
is not realised in the present case, there is no algebraic isomorphism between the operators
AK and OK.
One is hence forced to conclude by a sort of no-go theorem:
A description of physics outside/inside of the eternal Schwarzschild–AdS black hole is
inconsistent with either the correspondence principle or the holographic principle.
A few remarks are in order. The holographic principle is here understood in a narrow
sense, namely in terms of the (extrapolate) AdS/CFT idea. Accordingly, the fundamental
part of the set-up is the conformal, strongly coupled QFT on the boundary. Its subalgebra,
i.e. OM, which can be treated as being non-interacting at N → ∞, should reproduce
results based on an effective local QFT, i.e. AM, defined on a semi-classical background
M as expected from the correspondence principle. The consistency of these principles is
well-established in AdS, whereas the modification of the CFT algebra OM2 is required in
Schwarzschild-AdS space as AM2 does not acquire conformal symmetry at the operator level
on the boundary. One can insist on having OM2 , but then this theory must be singular near
the black-hole horizon.
IV. CONCLUDING REMARKS
CFT Hilbert space representations. The first point we would like to emphasiae is
that one cannot describe the AdS black hole by two independent CFTs if one expects the
(extrapolate) AdS/CFT correspondence in the AdS black-hole geometry. This follows from
the Hilbert space representation that has to be chosen for the CFT algebras on the “left”
and “right” eternal AdS black-hole boundaries. This representation is ∂H, not the factorised
product ∂HL⊗∂HR. These CFT algebras, O∂M′ and O∂M, should then be treated as factor
subalgebras of the single CFT algebra O∂K . It is worth stressing that this construction is
state-dependent. Note that it is in agreement only to a certain extent with [43].
For example, the two CFT algebras on each boundary of the BTZ black hole are factors
of a single CFT algebra represented on the ordinary CFT vacuum (up to the quotient).
The Gelfand-Naimark-Segal representation of the CFT algebra on this state is not unitar-
ily equivalent to the factorised product of two CFT Hilbert spaces defined on each BTZ
boundary. This is in disagreement with [8, 27], but resolves a problem posed in [34] of no
holographic description of the BTZ black hole.
An understanding of the Hawking-Page phase transition as the change of the Hilbert
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space representation of the CFT algebra O∂M′⊗O∂M seems to be reasonable in the light
of [46]. Indeed, the QCD phase transition is characterised by a change of the representation.
This has its imprint in the change of the notion of quasi-particles at the QCD energy scale
ΛQCD ≈ 0.3 GeV. At low energies, i.e. below ΛQCD, these particles are protons, neutrons,
mesons and other hadrons, but at high-energy regime, i.e. at energies well above ΛQCD,
these are gluons and quarks.
In Sec. III B we have argued that the KMS state defined w.r.t. L05 for the free CFT is
unique. The phase transition ∂HL⊗∂HR → ∂H does not change the correlation function of
the CFT operator Oˆ(y) at two separate boundary points. This can be understood as follows.
Before the phase transition the CFT in the thermal bath of excitations defined w.r.t. to the
CFT vacuum |∂Ω1〉 and characterised by a density matrix ρˆ. After the phase transition the
CFT is in the pure state |∂Ω2〉. However, one has
Tr(ρˆOˆ(y)Oˆ(y′)) = 〈∂Ω2|Oˆ(y)Oˆ(y′)|∂Ω2〉 , (17)
where the trace on the right-hand side is taken w.r.t. states of the CFT Hilbert space ∂HR.
Note that |∂Ω2〉 provides a vacuum representation of O∂K and is a KMS state when probed
by O∂M.
If one rejects the representation evolution, then one could not holographically describe
an interior of the black hole. This results from the fact that the Tomita-Takesaki theorem
broadly exploited to construct CFT operators inside the hole is realised only if the CFT alge-
bra is represented in ∂H, not in ∂HL⊗∂HR. However, this also requires an extra geometric
construction on the boundary (see Sec. IIIA).
Algebraic inequivalence of AK and OK. One may expect that it is enough to choose
a “proper” CFT state defined on the CFT algebra to have a smooth horizon in the bulk (see,
for instance, [43]). However, this expectation is based on an implicit assumption that AK
and OK are algebraically isomorphic in the large N limit. As shown in IIIB, this assumption
is invalid.
It is worth noting that this algebraic isomorphism exists in the case of the BTZ black
hole. The essential reason for this is that the BTZ black hole locally corresponds to anti-de
Sitter space, i.e. possesses the full Killing algebra of AdS space.
Presumably, the no-go theorem formulated in Sec. III B can be generalised to the
Schwarzschild–AdS black hole formed through the gravitational collapse. It should be pos-
sible, because the main argument is based on comparison the algebraic structure of the
semi-classical quantum field operators with that of the CFT ones which depend only on the
spacetime metric.
It is worth further noting that the high-energy pure state |E〉 employed in [43] is of
different nature in comparison with |∂Ω2〉. The choice of this high-energy state |E〉 leads
merely to the spontaneous AdS symmetry breaking in the large N limit (in the sense of [47]).
Modelling a change of spacetime isometry duringM1 →M2 by the spontaneous symmetry
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breaking on the boundary seems to be impossible, because the algebraic structure of the
field operators depends on a geometry, but not on a state.
Indeed, the state |E〉 is obtained from the CFT vacuum |∂Ω1〉 by acting on it by a certain
CFT operator Oˆ ∈ O∂M: |E〉 = Oˆ|∂Ω1〉. The operator Oˆ is unitary and well-defined or non-
anomalous when applied to |∂Ω1〉. Thus, the Heisenberg and Schro¨dinger pictures should
be equivalent. Therefore, instead of introducing a new state |E〉 on O∂M, one can consider
a new CFT algebra O′∂M ≡ OˆO∂M Oˆ†. The new algebra O′∂M is isomorphic to O∂M even
at finite N . If one does not take this into account, then one has a pathological theory (e.g.,
no bulk covariance) in the bulk even in AdS space [48].
One may consider the CFT bulk operators in the AdS black-hole backgrounds as the only
available observables. This would be in the spirit of the holography [1, 2]. However, the
bulk CFT operators must be singular on the black-hole horizon, because AK 6∼= OK even in
the semi-classical limit. This has been actually observed in [49].
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